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In this paper recurrence relations and algebraic expressions are deduced for the number of 
perfect matchings (Kekult structures) and of alternating 6-cycles for all perfect matchings of 
graphs composed from k linearly condensed portions consisting each of j+ 1 hexagons. 
These numbers are also expressed as polynomials in j, whose coefficients are rational 
polynomials in k which are found in an explicit form. An asymptotic ratio is obtained between 
the number of alternating 6-cycles in all perfect matchings and the total number of 6-cycles, as 
a function (40) of j. 
Some applications of these results to chemistry are presented, e.g. the ‘conjugated circuits 
method’ which gives resonance energies of condensed benzenoid hydrocarbons, and which 
depends mainly on the number of perfect matchings. 
1. Definitions and notation 
In this paper we shall consider only undirected graphs comprised of 6-cycles. Let 
there be a total of n such cycles which we shall denote as C,, C,, . . . , C, in each 
graph of interest. Because the problem we treat arises from chemical studies of cer- 
tain hydrocarbon molecules, we impose upon Ci, C,, . . . , C,, the following condi- 
tions to reflect the underlying chemistry: 
(i) Every C, and C,, , shall have a common edge, denoted as E,, for all 
lliln-1. 
(ii) The edges E; and Ej shall have no common vertex for any 15 i< jl n - 1. 
By representing the 6-cycles as regular hexagons in the plane such a graph is il- 
lustrated as in Figs. l(a) and l(b). In organic chemistry such graphs correspond to 
cata-condensed benzenoid polycyclic hydrocarbons (each vertex represents a carbon 
atom or CH group, and no carbon atom is common to more than two 6-cycles). 
Every such graph G with n 6-cycles has p = 4n + 2 vertices and 4 = 5n + 1 edges since 
G is connected and has Betti number equal to q-p + 1 = n. The vertices of G will 
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be labeled by ur, u2, . . . , up as in Figs. I(a) and l(b) for n = 5 and n = 11, respective- 
ly, and the edges by e,,...,e,,E,,...,E,_, such that ei=U;Ui+I for lri~p-1, 
eP= uPvl and the p-cycle of G: ul, v2, . . . , up, v1 is the perimeter of G. The edges 
er, . . . , eP of G will be called external and the remaining n - 1 edges E,, . . . , En ~, are 
said to be internal. 
If the lines joining the centers of pairs of neighbouring hexagons compose a zig- 
zag line with k linear portions consisting each of a line which passes through the 
centers of j + 1 hexagons, the corresponding graph will be called a (j, k)-hexagonal 
graph’. Thus the graphs illustrated as planar graphs composed from regular hex- 
agons in Figs. l(a) and l(b) are (1,4)- and (2,5)-hexagonal graphs, respectively. It 
is clear that every (j, k)-hexagonal graph has n =jk + 1 6-cycles and contains at least 
one perfect matching with p/2 = 2n + 1 edges. The number of all perfect matchings 
(Kekule structures) of a (j, k)-hexagonal graph G will be denoted by Kj, k. 
A 6-cycle C is said to be alternating relatively to a perfect matching W of G if 
C contains three edges of W. Of course C contains in this case three edges that 
belong to Wand three edges that do not belong to W, and these edges alternate on 
the cycle C. 
The number of alternating 6-cycles (fully benzenoid rings) of a (j, k)-hexagonal 
graph G contained by all perfect matchings W of G will be denoted by Rj, k. 
In Fig. l(a) the angles between consecutive segments of the zigzag line which joins 
the centers of the hexagons are 240”, 120”) and 120”) respectively and for Fig. 1 (b) 
these angles are 120”, 240”, 240”, 120”. 
The numbers Kj, k and R/, k do not depend on the sequence of angles (xl, . . . , a& 1, 
where (Y; E { 120”, 240”) for 1~ is k- 1, but only on the parameters j and k. They 
will be calculated in the next section. 
2. Recurrence relations and algebraic expressions for Kj,k and Rj,k 
It follows from the above notation that the last linear portion of a (j, k)- 
hexagonal graph G contains 6-cycles CnPj, CnPj+ ,, . . . , C,, , where n =jk+ 1. 
It is not difficult to see that the 6-cycle Cn_j at a kink may contain one edge of 
a matching W of G in one way (Fig. 2(a)), two edges in two ways (Fig. 2(b)) and 
three edges in two ways (Fig. 2(c)), where edges from Ware represented by double 
lines. 
’ In [5] such a graph was called a (j, k)-hex. 
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Fig. 2. 
Also the terminal 6-cycle C, can contain two or three edges of a matching Win 
three ways, which are represented in Fig. 3 and are called the cases A, B, and C, 
respectively. 
A B C 
Fig. 3. 
Denote by s,, Sk, S: the number of perfect matchings and by rk, ri, ri the 
number of alternating 6-cycles contained by all perfect matchings of G for the cases 
A, B, and C, respectively, where G is a (j, k)-hexagonal graph containing n =jk + 1 
6-cycles. 
By taking into account the cases illustrated in Fig. 2, it follows that the edges of 
6-cycles Cn _j, . . . , C,, can belong to a perfect matching of G only in the manners il- 
lustrated in Fig. 4, where j=4. 
Note that there are j- 2 cases (a) and (d), when cycle C, is of type C; in case (b) 
cycle C, is of type B, and so on. 
It follows from the definitions and the case enumeration in Fig. 4 that the follow- 
ing equalities hold: 
Kj,k=Sk+SLfSi, (1) 
Rj, k = rk + t-L + i-i, (2) 
Sk=+, (3) 
rk=rk+sk, (4) 
sk+i =s;+s,“, (5) 
s;+i =$+(j- l)si+(j- l)$, (6) 
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rk+,=r~+r~+s~, (7) 
rL+,=rL+sL+r,“+2s,“, (8) 
ri+,=rk+(j-l)(r/:+.s~)+r~+s~+(j-2)(r~+2s~) 
=jri + (j - 2)s; + (j - l)r,“+ (2j- 3)s;. (9) 
We shall justify only equality (9) since the other ones may be deduced in a similar 
way. We need to analyze the Figs. 4(a), 4(d), 4(g), 4(h) and 4(i), when C, 
(n=j(k+ l)+ 1) is of type C. 
For the case 4(i): the number of alternating B-cycles of G equals the number of 
alternating 6-cycles for the subgraph G’ obtained from G by deleting 6-cycles 
Cn-j+*, *.-Y C,, i.e., r,; for the case 4(h): this number is one plus the number of 
alternating 6-cycles for G’ for each perfect matching W’ of G’, i.e., rip + si; in case 
4(g): this number is one more than the number of alternating 6-cycles for G’, i.e., 
it is equal to ri+si; for 4(d): this number is one plus the number of alternating 
6-cycles for G’, since cycle Cn_j has three edges in W’and is of type B for G’, i.e., 
(j- 2)(rL +sL); and for 4(a): this number is two more than the number of alter- 
nating 6-cycles for G’, since Cn~j has now two edges in W’ and is of type C for 
G’, i.e., it is equal to (j-2)(rL-t2s;). 
The second equality from (9) is deduced by virtue of (3) and (4). 
From (3), (5) and (6) we deduce that 
S;,, =jS,+,-S;; (10) 
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from (7), (8) and (5) it follows that 
r/C+r=~L+1-&+,. 
By using (11) and (2) we obtain 
Rj,,=r,“+2rL-s;; 
from (l), (3), (5) and (10) we deduce 
Kj,k=Kj,k-I +js,. 
By taking into account equalities (3), (5) and (10) we obtain 
%+2’j%+ I +sk. 
This equality together with (3) and (5) implies also that 
s,“, 2 = jsi+ , + si. 
Theorem 1. The following recurrence relation 
Kj,k=jKj,kp,+Kj,kp2 
holds for kr3 and jz 1 and 
Kj,,=j+2, Kj,,=j2+2j+2 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
hold for every jz 1. 
PrOOf. Because Kj, k =Sk +S; +S,“=2Sk +Sl it fOllOWS that (16) iS a consequence Of 
(14) and (15). 
For k= 1 the graph G has two perfect matchings containing external edges only 
and j perfect matchings containing exactly one internal edge E, (1 <is j) of G, 
since a perfect matching of G cannot contain two or more internal edges. It follows 
that Kj, , = j + 2. Similarly we find that Kj, 2 = 2 + 2j + j2, since every perfect mat- 
ching of G contains at most two internal edges, one on each linear portion of G, 
i.e., E, and E, where 1 IrSj<sl2j. 
Another way for proving (16) is proposed in [3]. •1 
Corollary 1. The numbers K,, k are Fibonacci numbers, i.e., 
K,,k=Fk+2 
foreverykrl (F,=F,=l andF,,=F,_,+F,_,foreveryn22). 
In fact, we obtain that K,, k= K,,,_,+K,,,_, for kr2 and K,,,=3; K,,,=5. 
This result has been obtained first by Gordon and Davison [8]; see also [3], [4], [5] 
and [7]. 
In order to obtain an explicit formula for Kj, k, by analogy with Binet’s formula 
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Anthracene, l2,1)- Hexagonal graph &,,= 1 ; Rz,,= 6 
Phenanthrene, (1.2kHehxagonal graph K,,J= 5 ; R,,,= 10 
Fig. 5. 
for Fibonacci numbers, we look for the general solution of equation (16). This solu- 
tion will be of the form 
Kj, k = ar f + br,k (17) 
where rl, r2 verify the characteristic equation 
r*-rj- 1 =O, (18) 
therefore r,, 2 = (jk fl)/2. From initial conditions we obtain by a routine com- 
putation that 
Kjkzm+2 . 
m ((J+m)/2Y+ 
m-2 
m ((j-cm2Y. (19) 
From (19) we deduce that 
1 
k K],,=F jk+ 2 J 
I 0 
.kp2(j’+4)+ i jkp4(j*+4)2+... 
0 
(20) 
It follows that the coefficients of jk-2r and jk-2r-’ in (20) for rz0 are equal to 
and akPzr_r =22r-k+2 
We shall use now the following standard binomial formulas [17]: 
~,(2s:1)(Sr)=Zk-2r-1(k-:-1) for r-20, 
~r(,3(~)=2k~Zr~1 4(“;‘;‘) for rrl. 
(21) 
It follows that 
ak-2r=; k(kL-ll) for rrl 
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and ak = 1, hence 
ak_=r= (“,iy ‘) + (“rr) for every i-20; 
also ak_2r_l =2(k-L-’ ) for every rr0, which implies that 
ar= ( L(k+:)‘21) + (L(k+rl 1)‘2J) for any f-20. 
Theorem 2. The following recurrence relation 
(22) 
(23) 
holds for every k 2 3 and jz 1, and 
Rj, I= 2j + 2, Rj,,=4j2+4j+2. 
Proof. Taking into account (12), (13) and (3) it is clear that (23) is equivalent to 
r~+2r~-sk=jr~~,+2jr~~,-jsk_,+r~_2+2r~_2-sk~2+2jsk, or 
r~+2r~=jr~_,+2jr~~,+rl:_z+2r~_2+2jsk, (24) 
because (14) holds. 
By substituting si=&+ I -sk from (5) into (8) and (9) we deduce that 
(25) 
(26) 
Now we replace the values of r$ and ri deduced from (25) and (26) in the left-hand 
side of (24) to obtain after simplification: 
r~~~-r~_2-(j-2)r~~~-(j+l)sk~~-2r~~2+sk=o. (27) 
Substituting again rL-1 and r;_, from (25) and (26), respectively, into (27) one 
finds 
sk-jsk_r-sk-2=0, 
which is an identity by virtue of (14). 
It is clear that Rj, 1 = 2j + 2 since if the perfect matching W of G contains only ex- 
ternal edges, then there exists one alternating 6-cycle (in two cases) and if the perfect 
matching W contains one internal edge Ei (1 rilj), then there exist two alter- 
nating 6-cycles relative to W. 
Now from (2), (7), (8) and (9) one finds that 
Rj, 2 = r; + r;+ s;+ r; +s; + r;+ 2s;+ jr; + (j - 2)s; + (j - l)r;+ (2j - 3)s: 
=2js;+(j- l)s;+(j+2)r;+(j+ 1)r;. 
By direct enumeration we obtain in the case of a single linear portion composed of 
j+ 1 6-cycles: s;‘=j; s;=l; r;=2, and r;=2j- 1. 
12 A. T. Balaban, I. Tomescu 
This implies that Rj,, =4j2 + 4j+ 2, which completes the proof of the 
theorem. 0 
3. Polynomial expansion and asymptotic behavior of Rj.k 
We shall solve the recurrence (23) to obtain an analytical expression for Rj,k, 
analogous to (19) which is the general solution of (16). Substituting (17) into (23) 
we obtain 
Rj,,=jR,,,~,-tR,,_,+2ar~+2br,k_2ar,k~’-2br,k-’ (28) 
where a and b are given by 
a = (QTY + 2)/m, b=(m-2)/m (29) 
We look for a particular solution of the form 
Rj, k = Cl kr f •t C,kr,k. (30) 
From (28) and (30), by equating the terms which contain r, and r2, respectively, 
and then by dividing with t-f-” and r,kp2, respectively, we obtain the system 
C,krf=jC,(k- l)r,+C,(k-2)+2arF-2ar,, 
C2kr2 = jC,(k - l)r, + C,(k - 2) + 2br: - 2br,. (31) 
Taking (18) into account and solving (3 1) we deduce that 
c 
1 
= Wr,(j- 1) + 1) c = Wr2(j- 1) + 1) 
2+jr, ’ 
2 
2+jr, ’ 
(32) 
The general solution of (23) will be the sum of the particular solution (30) and 
the general solution of the homogeneous recurrence 
Rj,,=jRj,,_,+i?j,k-2. (33) 
The solution of (33) has the form 
R,, k = cr: + dr[ 
where c and d are constants which depend upon the initial conditions of the pro- 
blem. Therefore the general solution of (23) is 
Rj, k = crf + dt$+ C,krf + C,kr: (34) 
where Ct and Cz are given by (32). 
Since the values of a and b are found from (29), a straightforward computation 
leads to the following expressions for C, and C,: 
Cr =j(j+2+m)/(j2+4), C,=j(j+2-m)/(j2+4). (35) 
In order to obtain the values of c and d we put k = 1 and k = 2, respectively, into 
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(34) and use initial values Rj, 1 and RI, 2 from Theorem 2. By a direct computation 
one obtains 
c = [(j* + 4)m - (j3 - 8)]/(j2 + 4)m, 
d= [(j2 + 4)im+j3 - S]/(j* + 4)m. 
Substituting (35) and (36) into (34) one finds 
(36) 
Rj, k= j&{((j+~)/2)“[((j2+4)fl-(j3-8))/fl 
+jk(j+2+fl)]+((j-m)/2)k[((j2+4)m 
+j3 - 8)/m +jk(j+ 2 - m)]) 
By a straightforward calculation we deduce the following result. 
(37) 
Theorem 3. We have 
+jk(j+2)5g, 2”, jk-2s(j2+4)s-’ 
0 
.k~*S~l(j2+4)s+2kjk~l 1 (38) 
forany k,jrl. 
From (38) it can be seen that R/,k is a polynomial of degree k in j, of the form 
R,,,=-%,,J’k+A2,kJ 
.k-I + 
‘--+Ak+l,k. (39) 
By a routine computation we find that A,,,=2k, A2,,=2k, Ak,,=2k and 
A -2. k+l,k- 
By using again binomial identities (21) and performing a straightforward calcula- 
tion whose details are omitted here, we obtain from (38) that for every rz 1 the 
following equalities hold: 
A 2r+l, k= 
2k i-+ I 
=- +P,(k), 
r! 
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2k I+ 1 
=r! +Wkh 
where P,(k), P,(k) are polynomials of degree r in k. 
For example, 
A 3,k=2k2-6k+6, A,,,=2k2-8k+8, 
A 5,,=k3-9k2+28k-30, A,,,=k3- 11k2+40k-48, 
A,, k = (k4 - 1 8k3 + 122k2 - 369k + 420)/3, 
A,,k=(k4-21k3+164k2-564k+720)/3, 
and so on. 
We shall compute the asymptotic ratio, denoted Lj, between the number of 
alternating 6-cycles Rj, k in all perfect matchings and the total number of 6-cycles 
nK,. k as k-+m. 
Corollary 2. The following equality 
Lj= lim Rj,k , L(l+&) 
k+m (jk+ 1)Kj k J 
(40) 
holds for any j L 1. 
Proof. It is clear that Rj, k - C, kr,k and Kj, k - Ur,k. By virtue of (29) and (35) we can 
write 
lim Rj, k 
k-m (jk+ l)Kj,k 
In a previous report [1], the limit L, =limk,, Rl,JnKl,k= 1 - 11fiEO.553 WaS 
mentioned (in this case n = k + 1). 
4. Chemical applications 
The number of Kekule structures (perfect matchings) for polycyclic aromatic 
hydrocarbons (PAH’s) having the same number of 6-membered rings is correlated 
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with the stability of the PAH’s. Thus, anthracene and phenanthrene both have three 
6-membered rings, but the former, which has only 4 Kekule structures because of 
its linear condensation, is less stable than the latter; owing to its kinked condensa- 
tion, phenanthrene has 5 Kekule structures, cf. Fig. 5. 
A whole area of theoretical chemistry uses the ‘Kekule structure count’ for 
predicting and rationalizing the stability and reactivity of PAH’s [18], [20]. The 
numbers of perfect matchings and fully benzenoid rings are also of interest for 
theoretical chemistry. Recently, RandiC [15], [ 161 (see also [2b], [9], [lo]) proposed 
a method (‘the conjugated circuits method’) for calculating the conjugation 
(stabilization) energy of PAH’s in terms of the numbers of conjugated 6-, lo-, 14- 
and 18-circuits (alternating 6-, lo-, 14- and 18-cycles); he ascribed decreasing coeffi- 
cients to these types of circuits and summed up the results. A comparison [19] with 
other methods of theoretical chemistry shows that this approach gives excellent 
numerical data. Other applications of the number of perfect matchings (Kekule 
structure count) were developed by Gutman, Hosoya, Herndon et al. [ 111, [ 131, 
1141. 
Finally it should be noted that much attention is concentrated on some PAH’s 
owing to their presence in exhaust gases, cigarette smoke and smoked, grilled or 
roasted food. It was demonstrated that the PAH’s which induce cancer in animals 
and humans possess a structure containing a ‘bay region’, i.e., one benzenoid end- 
ring condensed kinked-wise to the remainder of the molecule (however, this is a 
necessary but insufficient condition). The dualist graph approach ([2]; see also [ 121) 
has allowed the development of computer programs for constructing all possible 
PAH’s with bay regions [6]. The electronic distribution which depends on the 
number of Kekule structures and on the conjugated 6-circuits around the bay 
region(s) is also an important parameter for carcinogenicity. Anthracene has no bay 
region, phenanthrene has one bay region, but these two PAH’s are not carcinogenic. 
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